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Nomenclature

cross-sectional radius of torus

subvolume height

distance above x—y plane of torus

collision probability

collision probability rate

radius of torus

polar coordinate in symmetrized encounter plane
time

in-track velocity in symmetrized encounter frame
coordinates used in probability density function
contour integration parameter

three-dimensional probability density function
standard deviation in symmetrized encounter frame
standard deviations of relative position uncertainty for
each axis in diagonal frame
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Introduction

OST encounters between orbiting space objects are at high

relative velocity, on the order of thousands of meters per
second. This is due to the high velocity required to attain orbit and the
differences in the orbits themselves. Most collision probability
calculation methods assume that the relative velocity between the
objects is high enough and that the relative trajectory traces a straight
line. This linear motion assumption is valid in nearly all encounters.
Nevertheless, some satellite encounters in the geosynchronous Earth
orbit (GEO) belt and encounters between satellites in nearly the same
circular orbit exhibit relative trajectories that trace curved paths.
These nonlinear relative motion cases require special attention when
computing collision probability.

Fortunately, a method has been developed to compute collision
probability for space objects having nonlinear relative motion [1-5].
It has been implemented in the nonlinear collision probability tool
(NCPT) and validated with cases having known results [1]. In
addition, a real-world case has been validated using a Monte Carlo
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simulation [1]. There are several very useful features of the nonlinear
collision probability method:

1) It uses the same input as the linear collision probability method
referred to as the collision probability tool (CPT).

2) It can account for time-varying position error throughout the
encounter.

3) It can account for the time-varying hardbody collision area that
is defined by the physical size of the of the space objects.

4) It is applicable to asymmetric hardbody shapes.

Like CPT, NCPT is valid for all combined hardbody sizes when
the relative motion is linear. However, if the relative motion is
nonlinear and the combined hardbody size is nearly equal to the
standard deviation, a small error can result, as was reported earlier
[1-4]. The current work seeks to extend the validity of NCPT to
larger values of hardbody sizes and position uncertainty. This is
achieved by more accurately evaluating the probability increments
associated with trajectory segments, as illustrated in Fig. 1. A
probability increment is the probability density at the location of the
trajectory segment times the volume of the segment. Each segment in
Fig. 1 is divided into smaller volumes to evaluate probability
increments more accurately. The increments are summed to yield the
total collision probability.

The refined method was tested with special cases having known
values of collision probability. Some of the known values were
obtained via a specialized computer simulation that was developed
based on an alternative method, referred to as NCPT-A, that
integrates through the volume linearly in a direction normal to the
relative velocity, thereby avoiding nonlinear motion concerns.
Comparisons of the results indicate that NCPT accurately computes
collision probability.

Analysis

The first step in computing collision probability for nonlinear
relative motion is to transform the problem to a symmetrized frame in
which the position uncertainty is spherically symmetric. Finding the
principal axes of the position-error ellipsoid and performing a scale
change along two of the principal axes achieves this transformation.
The magnitude of each scale change is selected to make its associated
position-error standard deviations equal to that of the third principal
axis. The position-error ellipsoid becomes spherical in the
symmetrized frame. The scale changes needed for the symmetriza-
tion are applied to state vectors and points defining the combined
hardbody boundary. The collision probability is found by integrating
the relative position probability density over the volume swept out by
the combined hardbody of two space objects.

P= //ZO] p(x)dxdydz

The uncertainty in the relative position between the objects is defined
by a three-dimensional Gaussian distribution of the form
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Here, the probability density is represented in the diagonal frame of
the position-error covariance matrix. The difficulty in evaluating
Eq. (1) is in defining the volume of integration. Therefore, scale
changes on two of the three axes are performed to symmetrize the
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Fig. 1 Nonlinear trajectory and associated integration volume in the
symmetrized frame.

Nonlinear trajectory

problem. In the symmetrized frame, the probability becomes
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where the x, y integration was simplified to a one-dimensional
contour integration about the hardbody area in the symmetrized
encounter plane. Further simplification can reduce the contour
integral to a definite integral [6]. The incremental probability
associated with each trajectory segment illustrated in Fig. 1 can be
defined as
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The probability rate can be defined as
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The collision probability rate is integrated over the time of interest to
obtain the total collision probability associated with the time interval
from ¢, to t,.

p= / ® Pa( dt )

Because the velocity direction changes from volume increment to
volume increment, there are overlaps and gaps between adjacent
volumes. Because volumes associated with the overlaps and gaps are
nearly equal, the associated probabilities tend to compensate,
especially if the probability density is fairly uniform throughout the
incremental volume. The residual error is small as long as the
hardbody is significantly smaller than the position-error ellipsoid,
which is the situation in very nearly all real cases.

One method to reduce the overlaps and gaps is to account for the
changes in the velocity direction from incremental volume to
incremental volume. This is accomplished by dividing each
incremental volume into smaller volumes. As a result, the contour
integration is divided into smaller contours associated with each area,
as illustrated in Fig. 2. The height of each volume is adjusted by the
change in velocity direction, as illustrated in Fig. 3. Each smaller
volume has a unique probability rate. The probability rates are
summed to obtain the total probability for each increment. This
process is repeated for each trajectory increment. Finally, the
probability rates were integrated over the time of interest in Eq. (6).

The number of segments can be adjusted to obtain the desired
accuracy. Five radial segments and 20 angular segments were found
to be adequate for all cases examined. The additional computational
cost was not a problem, because of the tremendous numerical
efficiency of the contour integration method.
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Fig. 2 Cross section of incremental volume, illustrating division into
eight smaller volumes.
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Fig. 3 Subvolume heights dz, and dz,, associated with change in
velocity direction.

Numerical Results

A toroidal volume was used for a test case, because it has a simple
solution involving only a simple integral [1]. The torus was placed a
distance i above the x—y plane, as illustrated in Fig. 4. The axis of the
torus was aligned with the z axis. The radius of the torus and the
radius of its cross section are denoted R and d, respectively. The
position-error standard deviation along the z axis differs from that
along the x and y axes, 0. The probability associated with an object
sweeping through the toroidal-shaped volume can be reduced to a
simple integral given by

P_U—l\ﬁex n_®+d) /”*"ex —2(1l_1
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The equation reduces to the equation derived earlier [1] when 4 = 0
and o, = 0. Equation (7) was implemented in a computer program
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Fig. 4 Toroidal volume with axis aligned, with the z axis centered a
distance / above the x—y plane.

Fig. 5 Annular integration area in the encounter plane for z = k, used
in NCPT-A.

and results were compared with those of NCPT. Two methods of
employing NCPT on this case were used. The first method of using
NCPT (NCPT-A) is to simply sweep along the z axis so that the
encounter plane is the x—y plane. In this case, the hardbody area in the
encounter plane varies with time.

Figure 5 illustrates the shape of the hardbody area for z = h. The
hardbody area is zero for z < h —d, but begins to increase for
7> h — d. The annular region increases until z = h, as shown in
Fig. 5. As z increases beyond £, the annular region shrinks until it is
zero atz = h + d. The area remains zero for z > h + d. This method
also demonstrates the ability of NCPT to treat time-varying hardbody
shapes.

The second method of using NCPT (NCPT-B) is to sweep through
space in the direction of the relative velocity vector; that is, in a circle
of R about the axis of the torus. In effect, the hardbody carves out the
toroidal volume. This method offers more flexibility, because
the volume swept out can be arbitrarily shaped depending on the
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Fig. 6 Comparison of results for larger hardbody sizes.

time-varying relative velocity. This approach provides a very good
approximation to the exact solution.

Figure 6 illustrates the collision probability for R =1 km,
o =1 km, and & = 0 for various values of d. Numerical integration
of Eq. (7) provides the correct result. Both NCPT-A and NCPT-B
were used and gave the correct result, as presented in Table 1. Results
for the original version NCPT, which is not valid for these larger
hardbody sizes, is also illustrated in Fig. 6 and Table 1. Notice that
the original versions provided the correct result in its region of
validity; that is, smaller hardbody sizes.

Figure 7 illustrates results for various values of standard deviation
along the z axis, keeping x axis and y axis standard deviations and R
fixed at 1 km. Once again, both NCPT-A and NCPT-B yielded
correct results.

When the torus is moved above the x—y plane, the collision
probability for R = 1 km and o0 = 1 km is reduced, as illustrated in
Fig. 8. Both NCPT methods yielded correct results.

If o, differs from o, Eq. (7) is no longer valid. Nevertheless, the
collision probability can be obtained using NCPT. Figure 9
illustrated results using both NCPT methods for a hardbody radius of
1 km. Sweeping through the volume along the z axis (NCPT-A)
provides the correct result, whereas sweeping around the toroidal
volume (NCPT-B) introduces a small, but acceptable, amount of
error. Figure 10 presents results for a hardbody radius of 0.6 km.

Sweeping through the volume in the direction of the relative
velocity direction provides a versatile computation method. The
relative trajectory can be arbitrary, both the integration region and
position-error standard deviation can be time-varying. This is due to
the fact that probability rates and associated probability increments
are independent.

Another check of the new version of NCPT was performed using
actual space vehicle data for a case involving nonlinear relative
motion. Figure 11 illustrates results from NCPT and relative
separation distance. Also illustrated in Fig. 11 is the collision
probability computed at each instant of time using CPT. At the
reported point of closest approach, the collision probability from
CPT s 6.55 x 1077, Even at the actual point of closest approach, the
collision probability from CPT is only 1.7 x 107°. The correct
collision probability for the encounter is 3.16 x 107, which is
obtained by both old and new versions of NCPT. For most cases, the
original version of NCPT is adequate to obtain the correct result,

Table 1 Summary of results

Hardbody radius, km 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Exact 7.57e -3 2.99e — 2 6.6le —2 1.15e — 1 0.173 0.239 0.310 0.382 0.454
NCPT-A 7.57e -3 2.99 — 2 6.6le —2 1.15e — 1 0.173 0.239 0.310 0.382 0.454
NCPT-B 7.56e — 3 2.99¢ — 2 6.6le —2 1.15e — 1 0.173 0.239 0.310 0.383 0.455
Original NCPT 7.58e —3 3.02e — 2 6.76e — 2 1.19¢e — 1 0.184 0.261 0.350 0.448 0.555
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Fig. 7 Probability as a function of z-axis position-error standard
deviation.
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Fig. 8 Probability vs torus height above the x-y plane.
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Fig. 9 Probability vs x-axis standard deviation for a hardbody radius
of 1 km.

because they involve hardbody sizes less than the position-error
standard deviation.

The new version of NCPT should be used when the hardbody size
is significant relative to the position uncertainty standard deviation. If
computational effort is not a concern, the new version of NCPT could
be used in all cases, but, otherwise, employed judiciously.

Conclusions

A method to compute collision probability between two space
objects whose relative motion is not linear was developed and
implemented in NCPT. For cases having hardbody sizes comparable
to the position-error standard deviation, each in-track trajectory
volume increment was divided into smaller volumes, to maintain
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Fig. 10 Probability vs x-axis standard deviation for a hardbody radius

of 0.6 km.
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Fig. 11 Comparison of collision probabilities obtained with CPT and
NCPT for nonlinear relative motion.

accuracy. The smaller volumes more accurately account for the
twisting of each in-track trajectory volume increment due to
changing velocity direction. The method was stress-tested with a
circular trajectory test case having a known collision probability and
correct results were obtained. Asymmetric stress test cases were also
tested and provided acceptable results.
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